The coefficients of
exponential Fourier series of
an even periodic waveform on
t will be real and its
trigonometric Fourier series
will contain only cosine terms.

The coefficients of
exponential Fourier series of
an odd periodic waveform on t
will be imaginary and its
trigonometric Fourier series
will contain only sine terms.

A periodic waveform with
half-wave symmetry does not
have any average value (or dc
content) and does not contain
any even harmonics.

If a periodic waveform is
even on t and is half-wave
symmetric, its Fourier series
expansion will contain only
cosine functions at odd
harmonic frequencies.

If a periodic waveform is
odd on t and is half-wave
symmetric, its Fourier series
expansion will contain only
sine functions at odd
harmonic frequencies.
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[0 for even n
B 4T

OV, =02 - jnwt
v(t)e o dt for odd n
g;! (t)

3,=0
[0 for even n [0 for even n
a 54%T and b 54%T
n =0 h = [ :
t)cosnw,tdt for odd n t)sinnw,tdt for odd n
%F'([V() o D.IT‘([V() o

13.6 Properties of Fourier Series and Some Examples

We take up some examples of Fourier series and develop the important properties
of Fourier series through them. The waveforms used in the examples that follow are very
important signal waveforms that appear frequently in Electrical and Electronic
Engineering applications and are not just some functions used to illustrate Fourier series.
The waveforms appearing in the examples are important in their own right.

The first property of Fourier series is almost self-evident. It is the property of
linearity. It states that if vi(t) and v,(t) are two periodic waveforms with same period T
and V3(t) = a.lvl(t) +a, Vz(t) , then,

Vgn =ayVp, +aoVpy, for al n where Vi, , Vo, and V3, are the coefficients of
exponential Fourier series of vy(t), vo(t) and vs(t) respectively. This may be proved easily.

Example : 13.6-1

[ee]
Find the exponential Fourier series of v(t) = 25('[ —k) and derive the trigonometric
k=—00
Fourier series from it.
Solution

This waveform is a periodic sequence of unit impulses with aperiod of 1 sec. Itis
shownin Fig. 13.6-1.

e
wit)
T F F 9 F F F F 9 F F .
T 1 ~ time (5]
4 3 2 1 2 3 4

Fig. 13.6-1 Waveform v(t) in Example : 13.6-1
S b o O
\7“=% Iv(t)e‘lnwot dt=% Iv(t)e"”zm dt = [5(t)e‘1“2"t dt = Ié(t) dt =1
T -1 0 0
The waveform has zero value at al points in the first period [-0.5,0.5] except
between 0" and 0", In that interval it is an impulse of unit magnitude. And the value of

exponential in that interval is 1. Therefore, all coefficients in the exponential Fourier
seriesare equal to 1.

O Z d(t-k)= z el?™M isthe exponential Fourier series of v(t).

k=—00

We obtain the trigonometric Fourier series from exponential Fourier series by
taking two components with harmonic order —n and +n together.

n=-o0
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O St-k)= § el = gl2m0t L ¥ (el 4 712 =14 ¥ 2cos2mt (13.6-1)
k:z—oo n:z—oo r;_ Z]_

The waveform contains a dc component of 1 unit. This should be so since the
total area content of the waveform in one period is the area content of unit impulse, i.e.,
unity. This area divided by T must be the dc content in the waveform. T in the example
is1 sec.

The waveform contains only cosine terms. This too is expected since v(t) is an
even function of t.

But most important aspect to be noted is that periodic impulse train contains all
harmonics with equal strength. That is, the amplitude of harmonic components does not
show any let up as the frequency of harmonic component goes up. Sinusoids of all
freguencies with uniform amplitude are required to synthesize the periodic impulse train.

But didn't we stretch the concept of Fourier series a bit too far? Impulse is a
highly discontinuous waveform. In fact, the v(t) in this example violates the Dirichlet’s
condition that, discontinuity , if present, must be of finite value. Hence, though we have
afound a Fourier seriesfor v(t), will it really convergeto v(t) at all t ?

The answer, strictly speaking, is that, it will not. As usual, faced with such
mathematical difficulties, we just change our viewpoint and make the Fourier series we
derived in this example a useful one! We simply view the impulse as rectangular pulse
of large height and small width and unit area. Then we argue that over the width of
rectangular pulse in the first period (which is centered around t=0) the exponential factor

e Kt s close to 1 and may be approximated as such. But won't the approximation fail
if k becomes very large though t is small? It may, but we will not let it fail; we will state
that we will compress the pulse a little more while keeping its area at unity! Hence the
Fourier seriesin Eqn. 13.6-1 represents the Fourier series of a periodic rectangular pulse
train with each pulse containing unit area as the width of the pulse is made infinitesimal
and height of the pulse is made infinitely large. We keep Dirichlet happy that way!

A periodic impulse train
contains all harmonics with
equal strength.

Example : 13.6-2

[oe]
Obtain the Fourier series of V(t) = Z O(t —n—0.5) shown in Fig. 13.6-2.

n=-—oo

F'
wit)

R [ [ A [ e | R R [ [ e [

1 time (=)
4 = 2 A 1 3 3 4

Fig. 13.6-2 Waveform v(t) for Example : 13.6-2

Solution

We observe by comparing Fig. 13.6-1 and Fig. 13.6-2 that this waveform is only
adelayed version of waveform in Fig. 13.6-1. The delay involved is 0.5 sec. Therefore if
we delay all the sinusoidal components in the Fourier series of waveform in Fig. 13.6-1
we should get the Fourier series of waveform in Fig. 13.6-2. Delaying a sinusoid by tq
seconds amounts to adding a phase delay of wty radians to its argument where wis its
radian frequency. That is, at hasto be replaced by (at - @) where o= wt,.

K" harmonic component in the exponential Fourier series of any waveform is

denoted by \7kej'“"°t where «, is the fundamental radian frequency. Delaying this

component by ty sec results in Vel (M@t TN@ka) = [§ @7 IN@la 10N Therefore, the




Time-shifting property of
series

Fourier
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Fourier series of a time-shifted waveform can be expressed in terms of Fourier series of
the unshifted version as follows.

If v, are the coefficients of exponential Fourier series of a periodic waveform
v(t), then, the coefficients of exponential Fourier series of the time-shifted periodic
waveform v(t-ty) are given by V,e™ "%
Fourier series expansion’.

In this example, the time delay is 0.5 sec and that value is half the period.
Therefore, e 1"l = ™1™ =1 for even n and -1 for odd n.

Therefore Fourier series of v(t) is as shown below.

. This is called the * Time-shifting property of

0YF 8t-k-05)=§ e 1Mel?M =14 ¥ (-1)"2cos2mt (13.6-2)
k:z—oo n:z—oo r;_
There is no change in the amplitude of cosine waves, but the phase of waves
aternate between 0 and 180° with harmonic order n.

Example : 13.6-3

Find the exponential Fourier series and trigonometric Fourier series of waveforms in
Example : 13.6-1 and Example : 13.6-2 if the magnitude of each impulse in both cases is V units and
the period is T sec.

Solution
We remember that there is a % factor in the Fourier series analysis equation. It
happened to be 1 when T was set to 1 sec. We have to bring that factor back. Similarly,

sincew, = % we have to bring in % in the index of exponential in exponential Fourier

series and in the argument of trigonometric functionsin trigonometric Fourier series.
Hence the required Fourier series for waveformin Example: 13.6-1is
- oV iZnt VvV <V
O Vot-kT)=§ —e T ==+Y ZcosZnt
_Z ( ) _z T T £ T T
k=—c0 n=—co n=1
and the required Fourier series for waveform in Example: 13.6-2is
O Va(t-KT -I)= N imBIT" Vo S5 )" cos2ing
k:Zw ( 5) n:ZwDT L = nZl = -1 =

Example : 13.6-4

Let vi(t) be a periodic waveform same as the one used in Example : 13.6-1 and v,(t) be a
periodic waveform same as the waveform used in Example : 13.6-2. Then, find v(t) = vi(t)- v(t) and
its Fourier series.

Solution

The waveform v(t) is constructed and shown in Fig. 13.6-3

We construct the Fourier series of this waveform by using Eqn. 13.6-1 and Eqn.
13.6-2 and property of linearity of Fourier series.

00 00 (o] (o]

Ov(t) = z el2mt _ ze_"”"ejz’1nt = ZZejzmt = Z4cosZnnt
n=-—co n=-—co n=-co n=1
odd n odd n

It contains only odd harmonics of cosine format. Its average value is zero. It
should be so since this waveform has even symmetry and half-wave symmetry.
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e
wit)
F r r r r r r r S
T 1 " lime (5)
-4 5 -2 K 1 2 3 4

LW | W | W | w]|W¥v W | W W

Fig. 13.6-3 Waveform of v(t) in Example : 13.6-4

Example : 13.6-5

v(t) is a periodic waveform with same waveform as that of Fig. 13.6-3 , but with 2 units of

1
magnitude in each impulse. Find and plot V; (t) =I v(t) dt and obtain Fourier series of vi(t).
—00

Solution

Integration usually results in an arbitrary constant. This constant will become a
dc component in vi(t). Since there is no way to find out this arbitrary constant we choose
to ignore it and we qualify the Fourier series of vi(t) by adding a clause that a dc term
can always come in the series without upsetting other coefficients. The waveform of
vi(t), ignoring a possible dc term, is shown in Fig. 13.6-4 .

T N
vt /

) I = x 7 7 3 H tithe (2)

-1

Fig. 13.6-4 Waveform of vi(t) in Example : 13.6-5

The dc content was ignored. Therefore vi(t) must be pure ac. Att = 0 its value
will change by the area content of impulse at that point. This area content is 2 units.
Hence the value of vj(t) must change by 2 units at t = 0. After that it must remain
constant. At t = 0.5 s the negative impulse of 2 unit magnitude will again change vi(t) by
—2 units. With the assumption of ac output, vi(t) must then be alternating between +1 and
—1 with aperiod of 1 sec. Hence vi(t) is a symmetric square wave of amplitude 1 unit and
period 1 sec.

We wish to find the Fourier series of v;(t). There are two ways to do it. The first
method is to employ the analysis equation of Fourier series- Eqn. 13.2-2 —and carry out
the required integration to determine the Fourier series coefficients. The second method
relies upon the fact the waveform vi(t) is the integral of v(t) and that we already know the
Fourier series of v(t). That leads us to the question — what is the relationship between
Fourier series coefficients for a periodic waveform and Fourier series coefficients for its
integral ?

t o O S S VAR
vitt)=[ vi(t)dt = Vpeln@ldt = Vpeln@lgt = § N glnat

I‘ ° I‘°° n=z—oo n=z-oo-[‘ ® n=z—oo JN®o (13.6-3)

Vi
jna,

OVip =

Note that v(t) should not have an average value, i.e., Vg =ag =0. If it hasanon-

zero average value, then itsintegral will have a linearly increasing term which makes it
aperiodic and unbounded. Fourier series for such a waveform does not exist.



Integration in Time property of
Fourier series

A symmetric square wave
contains only odd harmonics
and the harmonic amplitude

4 . . .
(=—in trigonometric Fourier
m

series) decreases in inverse
proportion to harmonic order
n.
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We have arrived at the Integration in Time property of Fourier series.
If v(t) is a zero-average periodic waveform with v, as its exponential Fourier

Vi

t

series coefficients, then the Fourier series coefficients of J' v(t)dt isgiven by

—00 wo

The Fourier series coefficients of half of v(t) in this example was derived in
Example : 13.6-4.

v(t) = Z4ej2”nt = 280052mt
)

n=-—oo n
odd n odd n
00 [0 o0
Ov(t) = Z — 4 giomt _ Z —_2 gl2mt < 2__giznnt Z 41 5nomt
£ j2m £ jm jm(=n) £ mn
n=—co n=1 n=1
odd n odd n odd n

A unit amplitude symmetric square wave of period T will also have same

coefficients, i.e., 4 . The factor of % gets cancelled by a similar factor that isincluded
m

in ayin Egn. 13.6-3.

A symmetric triangle wave
contains only odd harmonics
and the harmonic amplitude
(= 8

rr2n2
Fourier series) decreases in
inverse proportion to square
of harmonic order n.

in  trigonometric

Example : 13.6-6

v(t) is a £ 4 unit symmetric square wave with T = 1 sec. Find and plot

t
Vi () :I_oov(t) dt and find its Fourier series.

Solution
v(t) and vi(t) are shown in Fig. 13.6-5.
ot
4
- - 4
2 ! ! : timel=)
-4
ql¥idt)
- - 4
] 1 1 2 .

/ / Y

Fig. 13.6-5 Waveforms of v(t) and its Integral, vi(t), in Example : 13.6-6

Using the result from the previous example, we get,
v(t)= z _iejznnt = Z 16 Gnomt .

L jm £ m

n=—co n=1

odd n odd n

The exponential Fourier series coefficients get divided by jna, when the
waveform getsintegrated in time.

- 16 - 4 - 8
(1) = jamt _ _ ( j2mt —j2nnt): _
O vi (t) Z iz )ze Z — e e Z ~— Cos2mt
n=—c \J &7 n=1 mTn n=1 mn
odd n odd n odd n

The triangle wave in Fig. 13.6-5 has +1 unit amplitude and has even half-wave
symmetry. Hence it contains odd cosine harmonics.
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Example : 13.6-7

Let v(t) be a periodic waveform with period T and let vc(t) be defined as
Ve (t) =v(a t) where a > 0. Show that v(t) and vc(t) have same coefficients in their Fourier series.

Solution
ve(t) will be a time-compressed version of v(t) for a >land time-expanded
version of v(t) for a < 1. Therefore period of v(t) will be %. Let Vo, and V, be the

exponential Fourier series coefficients of vc(t) and v(t) respectively.

o 1a .2m'[t
2T
Vep = e T dt
cn TJ.ZT C()
la .2
e j—n(at)
=907 yate Tt
T
a ae iZnat) 1
== viat)e T —d(at)
Ths
1 ¢ i Zn(at)
== v(t)e T ~ d(at)
TJ1e
=V,

0 Compression or expansion of a periodic waveform in time does not change its
Fourier series coefficients. But fundamental frequency and harmonic frequency values
will change. This property is called Time-scaling property of Fourier series.

Note that time-scaling is not the same as a simple change in T aone. Let v(t) a
periodic train of rectangular pulses of unit amplitude and 0.1 sec width repeating with a
period of 1 sec. Then v(0.5t) is a periodic train of rectangular pulses of unit amplitude
and 0.2 sec repeating with a period of 2 sec. Its Fourier series coefficients will be same
as that of v(t) ; but its fundamental frequency will be rrrad/sec whereas that of v(t) will
be 2rrrad/sec.

However, consider another periodic train of rectangular pulses of unit height and
0.1 sec width repeating with a period of 2sec. Thisis not the same as v(0.5t). Its Fourier
series coefficients will be different from that of v(t). In fact, all Fourier series

coefficients will get multiplied by }/2 .

Time-scaling property of

series

Fourier

Example : 13.6-8

Find the Fourier series of the periodic rectangular pulse train shown in Fig. 13.6-6.

Solution
TI2 /2 ot ot
S _ 1 —jnwyt ¢ _ 1 —jnwet g _ e
V=T J'v(t)e NS dt == J'e NGt gt = jan[e 2 g /2]
- T2 -T/2
g INWT/2 _ginat/2 - stm”“’/ by Euler's Formula
nw,t nw,
-~ T12sin"™ T Sin nx
0V, =— % =7 / %Ewhere x="at/
T nw,Tr ”w/ S Orm x

The dc content of the waveform is %

terms since exponential Fourier series coefficients are real.

. The Fourier series contains only cosine

.

()
1

N

T, T
R

T,
% T

Fig. 13.6-6 Waveform for Example :

13.6-8
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Fig. 13.6-7 Full-Wave Rectified
Waveform in Example : 13.6-9
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Fig. 13.6-8 Two Waveforms in a Product
Results in v(t) of Example : 13.6-9

Multiplication in Time property of
Fourier series
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Example : 13.6-9

Fig. 13.6-7 shows the output of an absolute value circuit when input is a sinusoidal wave.
This is the shape of output voltage of a full-bridge diode rectifier routinely used in ac-dc conversion
applications. We wish to obtain the Fourier series for this waveshape. We bring out an important
property of Fourier series first and use that property to obtain the required Fourier series in this
example.

Solution

The waveform v(t) is visualized first as the product of two waveforms asin Fig.
13.6-8.

The product of v,(t) which is a unit amplitude square wave with v;(t) which is a
pure sine wave resultsin v(t), the full-wave rectified waveform.

That raises the question — what are the exponential Fourier series coefficients of a
product of two waveforms with same period in terms of exponential Fourier series
coefficients of the constituent waveforms?

0 [oe]
v (t) = sze‘”“"" and vy (t) = ZVzne‘”“’J

n=-o0

v =vtvat)= 5 Gelh
Nn=—oo
Consider K" component in the exponential Fourier series of v(t). The waveform
contributed to v(t) by this component is \7kejk“’°t . Since v(t) is the product of vy(t) and
Vy(t) , this contribution can come up in v(t) due to products of n™ contribution

Nt in vy(t) and (k-n)" contribution Vz(k_n)ej(k_”)"’ot

n=-oc

Vine with n varying from - to

+o00,

OV = VinVa(kn)

n=—oco

Thisisthe so-called Multiplication in Time property of Fourier series.

If vi(t) and v,(t) are two periodic waveforms with same period and v(t) =vy(t)
xvy(t), then, the exponential Fourier series coefficients of v(t) is given by
Vi = vavz(k_n) for -0 <k <owhere Vy, and Vo are the exponential Fourier

n=—oco
series coefficients of vy(t) and v,(t) respectively.
vy(t) isasine wave in this example.
vy (t) =sin2nt
o2t _-jont
= TR (By Euler's Formula)
0% =2—1j Vg =£—j1 and V,, =0 for al other values of n

V,(t) is aunit amplitude square wave. Its Fourier series was obtained in Example :
13.6-5as

~ 2
Von = Z £_glomt
£ |I'm
n=—oo
odd n
[o0]
- o —_1_ 2 4,1 2
O = lenVZ(k—n) =25 Tnten t 2 Tt TOF evenk
n=—co
= —=2__ for even k
(k*-1)

Since n takes only two values —1 and 1, and square wave has only odd harmonics,
(k+1) and (k-1) have to be odd for Vv, to be non-zero.
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0 0

= 2 ikt _2_4 1 - i
O v(t) _Z n(kz_l)e n 2 (kz_l)coszm is the Fourier series of a

even k even k
full-wave rectified sinusoid of unit amplitude.

The average value of rectified waveform is % or % in general where V,, is the

peak value of sine wave undergoing rectification. It has only even cosine harmonicsin it.
What kind of symmetry is responsible for this? It is even function and hence only
cosines are expected. Notice that the fundamental period of the waveform is 0.5 sec and
not 1 sec. This 1 sec period comes up only in the square waveform and sine waveform
we used to form the product. Thisiswhy there is no component at odd harmonic order in
the rectified output. If we treat it as a waveform with 0.5-sec period, al odd and even
harmonics of its fundamental frequency are present in it. Its fundamental frequency will
be double the fundamental frequency of the sinusoid that underwent rectification.

13.7 Discrete Magnitude and Phase Spectrum

Spectral plot for atime-domain waveform displays the Fourier series coefficients
graphically against frequency. Since the frequencies involved in a Fourier series are

discrete values (fundamental frequency and its multiples), a plot of Fourier series | 5o iete spectrum defined

coefficients can not be a continuous curve. Therefore, the spectral plot is called a
discrete spectrum. The exponential Fourier series coefficients are complex in general
and two plots — one for magnitude of coefficients and the other for phase angle of the
coefficients— will be needed.

The information on coefficients is portrayed as a series of vertical lines located at
harmonic frequencies. These lines will be equidistant and the length of the lines will be
proportional to magnitude of the coefficient in the case of magnitude spectrum and to
phase in the phase spectrum. The harmonic order n is also used in the abscissa instead of
w or f. The discrete spectral plots of the unit amplitude square wave we covered in
Example : 13.6-5 isshown in Fig. 13.7-1 for illustration. Its exponential Fourier seriesis

00

~ 2
v, = z £ _elomt

£ jm
n=-—oo
odd n
magnituce o
2 2
3 b
2 2
2 am mo 2
9% % 50 3 o % %
L] I LN
09 -85 -7 -6 -5 -4 -3 -2 - 1 2 3 4 5 B 7 & 9 10
phase

7
e 57 6s5432a | 1]23d4qs 7s o 1D=n
"3

Fig. 13.7-1 Discrete Magnitude Spectrum and Phase Spectrum for a +1 Square Wave Against
Harmonic Order

The Fourier series coefficients of exponential Fourier series were plotted in the
spectrum and that results in the so-called two-sided spectrum. It has been pointed out in
earlier discussion that the two companion components at n and —n always go together in



They always stay together..... |

Negative frequency ?

No linear physical electrical
circuit can ever do any

processing on el®  without
carrying out the same

processing on e J¢

wit)

-l -0
T | aly (-l
-4
Fig. 13.7-2 Waveform for Example :
13.7-1

13.7 Discrete Magnitude and Phase Spectrum 21

exponential Fourier series. Two such components will add up to yield a real sinusoid
aways. They can not be split.

That the two components similarly placed on the left and right of origin in atwo-
sided spectrum should be viewed as an integral unit rather than as two separate
components is to be kept in mind especially when interpreting two-sided spectral plots
drawn against « If we forget that, we will be tempted to ask that often repeated question
—what is the meaning of negative frequency?

There is no negative cyclic frequency. There is no negative angular frequency.

There are only two complex exponential functions - el® and e 1% These two
aways get scaled by complex conjugate numbers and enter into a sum. They never
appear individually once the circuit problem has been solved. They aways go together
and produce either a sinat or a cosat or a mixture of the two. Whatever they produce at
the end will have an angular frequency of wrad/sec and a cyclic frequency of w2mrHz.
Both of them are complex exponential functions of time. Hence they have red
and imaginary parts. Both, real and imaginary parts, are sinusoids. Those sinusoids have
angular frequency of w rad/sec and cyclic frequency of «w/21m Hz whether they come

from e/®or from e 1®t. Therefore, there is no negative radian frequency or cyclic

frequency.
However, we want to represent the magnitudes of scaling factors
of el®! and e71% and phases of scaling factors separately in a spectral plot. Therefore,

as a part of notation for presenting information efficiently, we decide to extend the w

axis to the left and put the data on scaling factor of e /@' there. That does not make a
value on the | eft side of w-axis a negative frequency.

Note that the magnitude spectrum of area v(t) has to be necessarily even on w
and its phase spectrum has to be necessarily odd on w (Why?)

Example : 13.7-1

Some desktop off-line UPS (Uninterruptible Power Supply) units used for supplying single
PC units deliver the waveform shown in Fig. 13.7-2 instead of a sine wave. (a) Find a if the third
harmonic content is to become zero. (b) With this value of a, find V such that the r.m.s voltage is
220V. (c) Plot the magnitude and phase spectra with this value of a and V. (d) The purity of a sine
wave is measured in terms of a quantity called ‘Total Harmonic Distortion (THD).It is usually quoted
in percentage and is defined as below.

[oe]
~ |2
2 [
n=2
Vil
r.m.s value of all harmonic components together is expressed as a percentage of r.m.s value of

fundamental component in the THD measure. Amplitudes may be used instead of r.m.s values since
it is a ratio. Calculate the THD of the waveform in this example.

THD = x100% where Vpis the exponential Fourier series coefficient. The

Solution
The trigonometric Fourier series of the waveform with V. =1 and T = 1 is

determined first. It is an odd half-wave symmetric waveform. Its trigonometric Fourier
series will contain only odd sine harmonics. WithV=1and T = 1,

o0 T
Ov(t) = z b, sinnawet and by, -4 J'/Zv(t)sinna)ot dt
& T Jo
(t-ar)
b, =4 . A sin2mt dt

2

= i[cosnrror— cosnrr(l—a)]
2m

4 . . -
=_Smn_27-[smnrr(122a)
m



22 Chapter 13 : Dynamic Circuits with Periodic Inputs — Analysis by Fourier Series

The trigonometric Fourier series coefficients go to zero for even n as expected.
Further, the Fourier series of this waveform approach that of a unit amplitude square
wave as a - 0 as expected.
31(1-2a)

2

a =1 . Withthisvalue of a, the waveform will be zero for /3 of ahalf cycle.

(a) If the third harmonic content isto be zero sin must become zero. Therefore

(b) Thereforer.m.svalue = %V 2 =0.8165V . If thisisto be 220 volts, V must be =270

volts.

(c) The exponential Fourier series of v(t) can be constructed from trigonometric Fourier
series by noting that coefficients of sine terms will be twice the negative of
imaginary part of exponential Fourier series coefficients. Therefore, withv=1,T=1
and a = 1/6,

Ov(t)= z —%sinn—;sinn—gejzmt (13.7-1)

The two-sided spectrum is plotted in Fig. 13.7-3 with the scaling factor of 270
voltsincorporated.
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Fig. 13.7-3 Spectral Plots for v(t) in Example : 13.7-1
(d) Refer to Eqn. 13.7-1. sinn—zn has a magnitude of 1 for al odd n. sinn—?:T has a

magnitude of O for al odd multiples of 3 and 0.866 for al other odd n including n =
1. 8isacommon factor.

Therefore THD = \/%+%+A2+A2+Az+%+... x100= 28.5%
5 7 11 13 17 19

13.8 Rate of Decay of Harmonic Amplitude

Fourier series is an infinite series. It requires infinite number of sinusoids with
frequencies ranging from fundamental frequency to infinitely large frequency to
synthesize a non-sinusoidal periodic waveform in general. There may be specia cases
where the Fourier series terminates at some finite harmonic order. But they are only
special cases.

This indicates that we have to find out the ac steady-state response of the circuit
to each and every component in Fourier series of input and sum up them to get the
periodic steady-state response of the circuit. That calls for infinite computation — we will
not get done with it. Hence the issue of rate of decay of harmonic amplitudes is of
practical significance in deciding how many terms from the Fourier series should we
carry in any analysis problem.

Circuits carrying high frequency voltages and currents cause electromagnetic
interference (EMI) in them aswell asin neighboring circuits. This EMI takes the form of
induced voltages and currents due to electromagnetic coupling and electrostatic coupling

Harmonic amplitude varies with
harmonic order in general.
Information on rate of variation is
needed in analysis and design of
circuits  dealing with  switched
waveforms.
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between circuits as well as due to electromagnetic radiation. Every circuit carrying time-
varying voltage and current acts as a transmitting antenna and receiving antenna
simultaneoudly. The induced voltages and currents can lead to malfunction in circuits if
not actual damage.

EMI happens at all frequencies. However, the induced voltages are usualy of
negligible magnitude at low frequencies. Therefore, a designer will often be forced to
take out high frequency content from circuit waveforms for reducing destructive
electromagnetic interference. An appreciation of how the Fourier series coefficients vary
with harmonic order and the factors governing such variation helps him in such a task.

We noted in Example : 13.6-1 and subsequent examples in Section 13.6 that
periodic impulse train waveforms of different type will have Fourier series with
coefficients which do not vary with harmonic order n. The amplitude of harmonics is
independent of harmonic order in such waveforms.

Integration brings a factor of 1/n in the Fourier series coefficients. Integration of
an impulse train results in a waveform that will have step discontinuities in one period.
Then Integration in time property of Fourier series shows us that such waveforms which
contain step discontinuities will have Fourier series coefficients [0 1/n where n is the
harmonic order.

Integrating a square or a rectangular pulse waveform result in a piece-wise linear
waveform. Such waveforms are continuous; but their first derivative will have step
discontinuities. Their second derivative will contain impulse train aong with other
possible components. Thus we see that periodic waveforms that have impulses in their
second first derivative will have Fourier series with coefficients decreasing with 1/n at
the least. There may be terms involving 1/n, 1/n* etc. in the Fourier series of such a
waveform; but the terms involving 1/n? are the ones which decide how many terms in
the Fourier series are to be included in acircuit analysis context or EMI context.

By extending this reasoning we may state qualitatively that if a periodic
waveform v(t) requires m successive differentiation operations before impulses make
their appearance, then, the harmonic amplitude in its Fourier series will decrease with
1/n" at the least.

Example : 13.8-1

Some desktop UPS units supplying single PC units deliver the waveform v(t) shown in Fig.
13.8-1. The trapezoidal shape is expected to reduce the THD of the wave compared to the square
wave in Example : 13.7-1. (a) Obtain an expression for r.m.s value of this voltage in terms of V and
a. (b) Find the Fourier series coefficients for v(t) (c) Find V and a such that the third harmonic
content is zero and the r.m.s value is 220 V. (d) With these values for V and a find the THD of v(t).
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Fig. 13.8-1 Waveform for Example : 13.8-1
Solution

The waveform v(t) exhibits odd symmetry and half-wave symmetry. Its Fourier
series will contain only odd harmonics of sine format.

0.50
4
(@) r.m.svalueof v(t) = = J'(%t)zdt +V2(0.25T - 0.50T) =V1/1—%a
0
(b) Fourier series coefficients can be found by a straight application of the anaysis
equation of Fourier series Eqn. 13.2-2. However, a more elegant method will be to
think of a waveform which will produce v(t) on integration, find its Fourier series
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coefficients and obtain the Fourier series coefficients of v(t) by dividing those
coefficients by jnwy,. The waveform shown in Fig. 13.8-2 isthe required one.

[ 2%
i

Fig. 13.8-2 Waveform of Derivative of v(t) in Example : 13.8-1
Exponentia Fourier series coefficients for this waveform is found by splitting the
waveform into two — the upper half-cycles alone will constitute a periodic rectangular
pulse train with period T and the lower half-cycles alone will constitute the same
rectangular pulse train delayed by 0.5T and negated. Refer Example : 13.6-8 for Fourier
series of such a periodic rectangular pulse train.
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[0 for even n
OVp=&V 2 (e j0SnwaT _ o=j0.5nw,aT )for odd n
%ﬂ' jnowgT
for even n

=gy sinma
for odd n
HT ma
Coefficients of exponential Fourier series of v(t) is obtained by dividing these
coefficients by jno,.

for even n
OVp=0 . v Sintna
m

for odd n (138-1)

The rate of decay of harmonic amplitude must be [ n_12 and it is seen to be so.

Notice that the waveform becomes a square waveform when a = 0. The Fourier series
coefficients given in Egn. 13.8-1 become the same as that of a sguare wave i.e,

%for oddn And when a = 05, v(t) becomes a triangle waveform with

AN

°n?

(c) Third harmonic content will go to zero when sin3rra =0. Therefore, a= 1/3 is the

required value. The r.m.s value with this value of a is 0.7453 V and for 220 volts

r.m.svaue V must be = 295 volts.
(d) The THD is evaluated as

o 1 [Fn ”%g LA
THD =100x — + =4.6%.
D

odd n

The faster decay of harmonic amplitude with harmonic order due to the santing
portion of this trapezoidal waveform has yielded a much better approximation to a pure
sine wave than the waveform in Example : 13.7-1. The next step to improve THD further
will be to replace the flat portion of the waveform by another slanting portion with lesser
slope than in the first section.

for odd n as magnitude of exponential Fourier series coefficient magnitude.




