2 Chapter 5: Circuit Theorems

Introduction

The last chapter showed that:

(1) All the element voltages and element currents in a circuit can be obtained
from its node voltages. The node voltages are governed by a matrix equation YV = CU
where V is the node voltage column vector, Y is the nodal conductance matrix of the
circuit, U is the input column vector containing source functions of all independent
voltage sources and current sourcesin the circuit and C is the input matrix. The values of
conductances in the circuit and values of coefficients of linear dependent sources in the
circuit decide the elements of Y-matrix. It is a symmetric matrix if there are no
dependent sources in the circuit. Dependent sources can make Y-matrix asymmetric. The
C matrix will, in general, contain 0, 1, -1 and conductance values as well as dependent
source coefficients.

(2) An dternative formulation is given by a matrix equation ZI = DU where | is
the mesh current column vector, Z is the mesh resistance matrix of the circuit, U is the
input column vector containing source functions of all independent voltage sources and
current sources in the circuit and D is the input matrix. All the element voltages and
element currents in a circuit can be obtained from its mesh currents. The values of
resistances in the circuit and values of coefficients of linear dependent sources in the
circuit decide the elements of Z-matrix. It is a symmetric matrix if there are no
dependent sources in the circuit. Dependent sources can make Z-matrix asymmetric. The
D matrix will, in general, contain 0, 1, -1 and resistance values as well as dependent
source coefficients.

(3) Any response variable in a circuit (i.e., any element voltage or current or
combination thereof) can be expressed as a linear combination of source functions of
independent voltage sources and independent current sources present and active in the
circuit. i.e, x=al +as,+ ...... +bVi+ bV, + ... , Where x is some chosen response
variable and a’s and b’'s are coefficients decided by circuit conductances/resi stances,
dependent source coefficients and interconnection details. Some of the a’s and b’s may
turn out to be zero for certain choices of x.

These three basic properties of a circuit comprising linear elements are recast into
various useful theorems that simplify the circuit analysis procedure in practical contexts.
That is, the so-called circuit theorems are more or less restatements of these basic facts.
These three observations were arrived at by analysis of memoryless circuits. However,
we will show in later chapters that they are true for dynamic circuits too. Therefore, al
important circuit theorems that we arrive at in this chapter too will be valid for dynamic
circuits.

The crucial fact the reader should keep in mind is that we are stating nothing
more in almost all circuit theorems (in many of them anyway) than what is already
contained in the three properties described above.

5.1 Linearity of a Circuit and Superposition Theorem

Consider a purely resistive circuit driven by two independent current sources and
an independent voltage source shown in Fig. 5.1-1.
The mesh equations for circuit (b) in matrix form can be derived as
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Solving the matrix equation, we get,
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Now, any element voltage or current can be expressed in terms of these two mesh
currents. For example, consider the current in resistor in the central limb in the direction

Why Circuit Theorems?

Circuit Analysis involves
determination of element voltages
and currents in all elements of the
circuit using element equations and
interconnection equations. Kirchhoff's
Current Law equations at all nodes
and  Kirchhoff's  Voltage Law
equations in all loops along with
element v-i relationship equations will
yield the necessary set of equations.

However, we need systematic
procedures for exploiting these
equations. Node analysis and Mesh
analysis were two such systematic
procedures we took up for detailed
study in the last chapter. In this
chapter, we discuss some circuit
theorems and circuit transformations
that increase our efficiency in solving
circuits. Moreover, they render
further insight into certain features of
a linear circuit. These theorems
constitute a basic set of tools that
enhance the analyst's efficiency in
solving circuits.
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Fig. 5.1-1 (a) A Circuit with Three
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The contribution of a particular
source to a circuit variable does not
change when some other source/s is
acting simultaneously along with it.
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shown in circuit (a) of Fig. 5.1-1. This current is obtained by applying KCL at the
junction between the three resistors and is = iy - i, = Z 1y +3-15 =LV, .

Consider the current in the 1Q across the current source |;. This is obtained by
applying KCL at the node where 11, 2Q and 1Q are connected together. The current in
2Q is same as the first mesh current in circuit (b) and hence the current in 1Q = I4-i;
= 10 |1 + | 2 +-5= Vl .

Currents in al elements can be worked out in a similar manner. These currents
are marked in Fig. 5.1-2 using a notation where the three numbers in brackets show the
coefficients of 14, I, and V; respectively. Or, they can be interpreted as the current
components when al the three sources have unit values. Consider the numbers marked

for the voltage source V;. It is (13 26" 26) This means that I, contnbut% 5 amps per
unit amp to this current, 1, contributes = amps per unit amp to this current and V;

contributes - % amps per unit volt to thls current.
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Fig. 5.1-2 Currents in Various Elements in the Circuit (a) of Fig. 5.1-1

Thus, each element current (and element voltage too) is made up of three
components. Each independent source contributes one component to each element
current and voltage. The components contributed by al the independent sources add
together to form the total response.

That the total currentsin elements and total voltage across them will satisfy KCL
and KVL respectively isonly to be expected. In fact, that was the basis for node analysis
and mesh analysis. However, what is not so obvious is that components contributed by a
particular independent source to all element currents will satisfy KCL at all nodes
without depending in any way on the components provided by other independent
sources. Similarly, components contributed by a particular independent source to all
element voltages will satisfy KVL in all loops without depending in any way on the
components provided by other independent sources. This may be verified easily in the
example that was analysed in this section.

The implication from this observation is that the components contributed by a
particular independent source to circuit variables are the same as the solution of the
circuit when that source is acting alone without the other sources present. Or, in other
words, the contribution of a particular source to a circuit variable does not change when
some other source/sis acting simultaneously.

This can be understood in another way too. We had seen that all mesh current
variables and node voltage variables (and hence all voltage variables current variablesin
the circuit) for a circuit can be expressed as linear combinations of independent source
functions. The solution for mesh currentsin the circuit in Fig. 5.1-1 was

=3, -1, -2
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Thus there are three contributions in each variable. The coefficient involved in
each contribution is a constant. Its value does not depend on the particular values that the
sources happen to assume. It depends only on the resistance values, structure of the
circuit and the location where the particular independent source is connected. Therefore,

we expect the coefficients of 1, to remain at -3 and |n i; and i, respectively whatever

be the values |, and V, happen to have. And, we choose to think of the situation when |,
and V; are zero-valued. Then the circuit has only one source and it will produce
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i :1_% I, and iy :1—13 I, since the coefficients are independent of source values. Similarly
the circuit will have ij=-%l,andi,=-21, when I, = V; = 0 and
il =_1—23V1 and i2 =2—%Vl when |1 = |2 =0.

Thus, we can view the solution of the circuit, when I, I, and V; are
simultaneoudly acting, as the sum or superposition of solution of three identical circuits
with only one of the sources taking a non-zero value in each circuit. A current source
with zero-value is an open-circuit and a voltage source with zero value is a short-circuit.
Hence, in the first circuit we replace I, by an open-circuit and V; by a short-circuit and
solve it to get the first contribution due to 1,. In the second circuit we replace 1, by an
open-circuit and V; by a short-circuit and solve it to get the second contribution due to I».
And in the third circuit we replace I, by a open-circuit and I, by an open-circuit and
solve it to get the third contribution due to V;. We add the contributions to get the
solution for the original circuit in which all the three sources were acting simultaneously.
We can do this only because the contributions from various sources stand segregated in
the form of a linear combination with no interaction among them.

Thus, a multi-source circuit problem can be split up into many single-source
circuit problems and the response for any circuit variable in the multi-source circuit can
be found as the superposition (i.e., sum) of responses for same circuit variable in all
those single-source circuits. In doing so, we will be constructing the final solution by
piecing together the individual contributions from independent sources.

We systematize this further. We note that the contribution from any particular
independent source to a particular response variable is proportional to the source
function value. We have been terming the proportionality constant as a coefficient of
contribution. In x = ayl; + ayl, + ...... + bVy + bVo + Ll , where x is some circuit
response variableand I, , I, , ... are the independent current source functions and V4, V, ,
..... are the independent voltage source functions, the @'s and b’s are the proportionality
constants or the so-called coefficients of contribution. They are the ones that matter; not
the particular values of source functions. Each coefficient can be interpreted as the
contribution to the circuit variable due to unit value of a particular input source - i.e.,
contribution per unit input. If we know the contribution per unit input for each source,
we can find out the contribution due to that source by a simple scaling operation that
involves multiplying contribution per unit input by the source function value.

Now we are ready to state the different forms of Superposition Theorem.

Superposition Theorem Form-1

“The response of any circuit variable in a multi-source linear memoryless circuit
containing ‘n’ independent sources can be obtained by adding the responses of the same
circuit variable in n single-source circuits with i single-source circuit formed by
keeping only i" independent source active and all the remaining independent sources
deactivated.”

Deactivation of an independent current source is achieved by replacing it with an
open-circuit and deactivation of an independent voltage source is achieved by replacing
it with a short-circuit. Dependent sources are not to be treated as sources while applying
Superposition Theorem. They will be present in all the single-source component circuits.

The principle embodied in the above can also be stated in the following manner.

Superposition Theorem Form-2

“The response of any circuit variable x in a multi-source linear memoryless

circuit containing ‘n’ independent sources can be expressed as x(t)=z::aiui(t),

where Uj(t) is the source function of i independent source (can be a voltage source or
current source) and g is its ‘ coefficient of contribution’. The coefficient of contribution
has the physical significance of contribution per unit input.”

The coefficient of contribution, a;, which is a constant for a time-invariant
circuit, can be obtained by solving for x(t) in a single-source circuit in which all

A multi-source circuit problem can be
split up into many single-source
circuit problems.

Superposition Theorem — First form

Superposition Theorem - Second
form




Superposition Theorem — Third form

Linearity of a circuit element and
linearity of a circuit are two different
concepts.

A circuit is called linear if its
solution obeys superposition
principle. This is why we stated the
Superposition Theorem with the
adjective linear behind ‘circuit’.
Whether we view the statements on
Superposition  Theorem as a
definition of linearity of a circuit or as
an assertion of an important property
of linear circuits is matter of
viewpoint.

There is indeed a bit of circularity
in Linearity and Superposition
Principle.
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Fig. 5.1-3 (a) A Circuit Containing a
Non-linear Resistor (b) Circuit Solution
forV=1voltand | =1 amp
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independent sources other than the i™ one are deactivated by replacing independent
voltage sources with short-circuits and independent current sources with open-circuits.

But, why should a linear combination x = a;l; + ayl, + ...... + b Vi + boVo + .
be found term by term always? Can’t we get it in subsets that contain more than one
term? The third form of Superposition Theorem states that it can be done.

Superposition Theorem Form-3

“The response of any circuit variable in a multi-source linear memoryless circuit
containing ‘n’" independent sources can be obtained by adding responses of the same
circuit variable in two or more circuits with each circuit keeping a subset of independent
sources active in it and remaining sources deactivated such that there is no overlap
between the such active sour ce subsets among them.”

Linearity of a Circuit

Why did the memoryless circuits we have been dealing with till now obey
superposition principle? The elements of memoryless circuits were constrained to be
linear time-invariant elements. We used only linear resistors and linear dependent
sources. The v-i relations of all those elements obey superposition principle. As a result,
al KCL and KVL eguations in nodal analysis and mesh analysis had the form of linear
combinations. Such KVL and KCL equations lead to nodal conductance matrix (and
mesh resistance matrix) that contain only constants in the case of atime-invariant circuit
(i.e., resistances are constants and coefficients of dependent sources are also constants).
Similarly, the input matrix (C in nodal analysis and D mesh analysis) will contain only
constants in the case of circuits constructed using linear time-invariant elements. Thus,
the solution for node voltage variables and mesh current variables will come out in the
form of linear combination of independent source functions. And, after all Superposition
Theorem is only a restatement of this fact. Therefore, Superposition Theorem holds in
the circuit since we used only linear elements in constructing it except for independent
sources which are non-linear. Hence, we conclude that a memoryless circuit constructed
from a set of linear resistors, linear dependent sources and independent sources (they
are non-linear elements) results in a circuit which obeys Superposition Theorem and
hence, by definition, isa linear circuit.

Linearity of a circuit element and linearity of a circuit are two different concepts.
An element is linear if its v-i relationship obeys principle of homogeneity and principle
of additivity. A circuit islinear, if al circuit variablesin it, without any exception, obey
principle of homogeneity and principle of additivity, i.e., the principle of superposition.
It may appear intuitively obvious that a circuit containing only linear elements will turn
out to be a linear circuit. But remember that we did use non-linear elements -
independent sources are non-linear elements. Then, it is not so obvious. The above
discussion offers a plausibility reasoning to convince us that a circuit containing linear
elements and independent sources will indeed be a linear circuit. But the mathematical
proof for this apparently straightforward conclusion is somewhat formidable.

Linearity and Superposition appear so natural to us. But the fact is that most of
the practical electrical and electronic circuits are non-linear in nature. Linearity, at best,
isonly an approximation that circuit analysts employ to make the analysis problem more
tractable. We illustrate why Superposition Theorem does not hold for a circuit
containing a non-linear element by an example. See circuit (a) in Fig. 5.1-3 . The resistor
Rinitisanon-linear one with av-i relation given by v = 2i*for i > 0 and —2i®for i < 0.

The circuit is solved by writing the KVL equation in the first mesh. We first
make use of KCL at the current source node to obtain the current through the 1Q resistor
asi-l1 amps. Then, KVL in the first mesh gives

V4(i-1)+2i2=0 O i =0.25[{1+8(V +1) -1] amps

The vaue of this current for V. = 1 volt and | = 1 amp is 0.78 amps.
Corresponding voltage across the non-linear resistor is = 2i® = 1.22 V and the remaining
circuit variables can now be obtained easily. The complete solution is marked in circuit
(b) of Fig. 5.1-3.
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We find out the circuit solution when the independent sources are acting one by
one. Fig. 5.1-4 show the relevant sub-circuits and solution.
The circuit (a) is solved by using the KVL equation -V + i + 2i® = 0. The solution

for i will be i =0.25[v1+8V —1] amps. The solution for a case with V = 1volt and | =
lamp is marked in circuit (b) of Fig. 5.1-4.
The circuit (c) is solved KCL at the current source node 2i* + 2i -1 = 0. The

solution for i will be i =0.5[v1+2l —1] amps. The solution for a case with V = 1volt
and | = 1amp is marked in circuit (d) of Fig. 5.1-4.

We observe that the current through the non-linear resistor when both sources are
acting simultaneously is 0.78 A whereas the sum of responses from two circuits (circuit
(@) and (c) of Fig. 5.1-4) is0.5 A + 0.37 A = 0.87 A. Thus Superposition does not work
in thiscircuit.

In general, 0.25[1+8(V +1)-1 # 0.25[y1+8v -1 + 0.5[v1+2l -1 and

hence this circuit does not obey Superposition Theorem. We also note that it is not
possible to identify the contributions from the independent voltage source and
independent current source separately when the two sources are acting simultaneously.
We may try expanding the /1+8(V +1) term in the solution for i in binomial series.
Then we get,

i =[(V +1)=0.25( +1)% +-----]=V +1 =025V 2 = 0.251 > —=0.5V] +---

Thus, i is decided by V and | through their higher powers along with first power
terms. Higher power terms can not satisfy superposition principle. Moreover, there are
cross product terms like VI, V2, VI? etc., in the expression. We can not ascribe such
terms to voltage source or current source exclusively. We may take the view that they
are the contributions from current source. In that case we have to admit that the
contribution from the current source to the current i depends on whether the other source
is active or not. And that kind of dependence results in hon-adherence to superposition
principle. Thus, we conclude that, non-linear elements in a circuit results in the circuit
response failing to meet superposition principle due to (i) independent sources
contributing to response variables through their higher powers and (ii) independent
sources contributing jointly to response variables through cross product terms.

Example : 5.1-1

An independent voltage source and an independent current source from outside drive a
memoryless circuit containing no independent sources within it as shown in Fig. 5.1-5. The current
delivered by the voltage source is found to be 1 A when the current source is disconnected, 2 A
when the current source is delivering 10 A into the circuit and 0.5 A when the current source is taking

|out 10 A from the circuit. Is the memoryless circuit a linear one?

Solution

Let us assume that the circuit is linear. Then the current delivered by the 10 V
source ca be expressed as a linear combination of the two source function.

i.e,i =ax10+bl . The source function value of voltage source has been
substituted in this equation. i is givento be 1 A when 1 =0 and 2 A when | = 10 A.
Therefore a = 0.1 amp/volt and b = 0.1 amp/amp if the circuit islinear.

Then, when | = -10 A, the current delivered by the voltage source must be

0.1x10-0.1x10 = 0 A. But it is stated that the current observed under this condition is
0.5A.
Hence the circuit within the box is not linear.

Example : 5.1-2

A certain resistor R in a linear memoryless network driven by two independent sources as
shown in Fig. 5.1-6 is found to dissipate 36 W when only the voltage source is acting and 64 W when
only the current source is acting. Find the power dissipated in the resistor when both sources are
acting simultaneously. Is the answer unique?

L)

Fig. 5.1-4 Circuits with
one independent source acting
at a time and circuit solution

+ A memoaryless
10y | MEtwvork without any
independert sources

Fig. 5.1-5 Circuit for Example : 5.1-1

A linear memaryless
W | netvvork weithiout any
independert sources
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Fig. 5.1-6 Circuit for Example : 5.1-2




Power is not a superposable quantity
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Fig. 5.1-7 Circuit for Example : 5.1-3
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Solution

Since the network is linear the current through the resistor R can be expressed as
alinear combination of Vand I.

Oi=aV +bl

The power dissipated, i.e., i’Ris given as36 W when | = 0 and 64 W when V = 0.

OR, =(av)?R=36and R = (bl)°R=64

D(aV):M and (bl)z\/F’ze

The power that will be dissipated when both sources are acting simultaneously is
given by

Ri =(aVv +hbl)?R
=(aV)?R+ (bl )2R+2(aV)(bl )R

=R, +R +2,/R,R =36+64+2/36x64=196W

Note that the power dissipated when both sources are acting is not the sum of
powers dissipated when one source is acting at atime. i.e., power is not a superposable
quantity. The reason isvery simple— (i, + i) 2 i:2 +i,> and (Vo + Vo )iy +1i2) Z vy iy +
V, i, arethereasons.

The power calculated as 196 W is not a unique answer. Power dissipated in a
resistor when a certain current is flowing through it is independent of direction of the
current since power depends on square of the resistor current. We have unconsciously
assumed that both a and b are positive or negative. But we have to account for the
possibility of a and b having opposite signs - i.e.,, the possibility of two current
contributions canceling each other partially. This possiblity is taken into account by

modifying the total power equationas R; =R, +R + 2,/ P‘%?,/ % R . Hence the second

possible value of power when both sources are acting simultaneously is4 W.
Additional information in the form of current values or voltage values will be
needed to decide between 196 W and 4 W.

Example : 5.1-3

The source function values for the three independent sources in Fig. 5.1-7 are V=10 V, |, =
1 Aand | =2 A. The current in the resistor R is seen to be 1 A when the two current sources are
switched off and 1.5 A when only |, is switched off and 2 A when all the three sources are active.
Find what voltage must be applied by the voltage source if the current in R is to become zero with no
change in current source values?

Solution

The current through R can be written as a linear combination of three source
functions.

ie,i=aVv+bly+cl,

Substituting the data stated in the problem we get three equations in three
unknowns as below.

1=10a

15=10a+b

2=10a+b+2c

Solving this system of equations, a= 0.1, b=0.5and c = 0.25.

0i =0.2V +0.51, +0.25I

The required voltage to make i zero with ;=1 A and |, = 2 A is obtained by

0=0.1v +0.5+050 V =-10valts
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Example: 5.1-4

Find the value of V in the circuit in Fig. 5.1-8 such that the voltage source delivers zero
power to the circuit by using Superposition Theorem. Ay Ay

Solution ” 20 S

The circuit is alinear one. Therefore, the current delivered by the voltage source CD g 20 4 10 g CD
can be expressed as a linear combination of the three source functions. Power delivered +
by the voltage source will be zero if the current delivered by it is zero. Thus, we want a W
value of V such that aV +bl, + cl, = 0 where a, b and ¢ are the per unit contributions to -
current delivered by the voltage source from the three source functions.

We determine the three contributions first by solving three single-source circuits
shownin Fig. 5.1-9.

Fig. 5.1-8 Circuit for Example : 5.1-4

Ay
20 30
44 BA
20 10
fi
()]

(e
Fig. 5.1-9 Sub-circuits for Applying Superposition Theorem in Example : 5.1-4

in cireui i _ 2 341 __
Thevalue of i in circuit (a) isfound as 3A><2+(2+4”(3+1)) ><4+(3+1) =-0.5A

i cireu i _ 1 242 _ _
Thevalue of i in circuit (b) isfound as 6A><1+(3+4//(2+2)) X 2D - 0.5A

i _V
4+(2+2)11(3+1) ~ EA

O Current delivered by voltage source when all the three sources are active =
= —0.5—0.5+¥ _V-6
6 6
OThe vaue of V such that the current (and power) delivered by the voltage
source will bezero=6V.
We note that we did not have to resort to node analysis or mesh analysis in
solving the three single-source circuits shownin Fig. 5.1-9.

Thevalue of i in circuit (c) isfound as

Example : 5.1-5

Find the power dissipated in the resistor R, in the circuit in Fig. 5.1-10 by applying
Superposition Theorem.

Fig. 5.1-10 Circuit for Example : 5.1-5

Solution

We find the current through R, by applying Superposition Theorem first. The
single-source circuit when the first voltage source is acting isshownin Fig. 5.1-11.

This circuit is solved by KVL in the first mesh. Let the first mesh current be i;.
Thenv,=2//21i; =i, itself.

-10+2i; +2i,+i;=0 O i;=2A andhencei =1A

The single-source circuit when the second voltage source is acting alone is shown
incircuit (a) of Fig. 5.1-12.

Fig. 5.1-11 Circuit with only the first
voltage source acting in Example : 5.1-5



(k)

Fig. 5.1-12 Circuits with only (a) the
second voltage source acting and
(b) only the current source is acting
in Example : 5.1-5
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Fig. 5.1-13 A Circuit in which Start-Delta
Transformation will be helpful

The logic behind Star-Delta
transformation

5.2 Star-Delta Transformation Theorem 9

This circuit is solved by mesh analysis. The controlling variable v, of the
dependent sourceis 2i, The mesh equations are

_2i1+4i2 +2(i1_i2)=0

2(|2 _il)+2i2 +5=0

Simplifying the equations lead to 2i; +i, =0 and - 2i; +4i, = -5. Solving these
wegeti;=05A andi,=-1A. Thereforei =i;-i,=1.5A.

The circuit (b) in Fig. 5.1-12 shows the single-source circuit when only the
current source is acting. This circuit is solved by nodal analysis. The node voltage v; is
assigned as shown in circuit diagram. The controlling variable of dependent source is
same as v;. Therefore the potential at the right end of R; is 3v; with respect to the
reference node. Writing KCL at the top node, 0.5v; + 0.5v; + 0.5%3v; =2 [0 25v; =2
O v, = 0.8 volts. Thereforei = 0.4 amps.

Therefore the current in R, when all the three sources are acting simultaneously is
=1+15+04=29A

Therefore the power dissipated in R, = 2x2.9° = 16.82 W.

5.2 Star-Delta Transformation Theorem

We observe from the examples on application of Superposition Theorem in the
last section that the single-source circuits that need to be solved in that context may
reguire us to use nodal analysis and mesh analysis often. However, we can expect to
avoid these procedures in the case of circuits involving only resistors and independent
sources. We will be able to solve the single-source circuits by employing series and
parallel equivalents repeatedly. But there is one pair of resistor connections that will not
yield to this kind of approach. For instance, consider the problem of finding the current
through the resistor R in circuit (a) of Fig. 5.1-13 by applying superposition principle.
The relevant single-source circuits are shown in (b) and (c) of the same figure.

This problem can not be solved by series-parallel equivalents. The T-shaped (also
called Y-shaped or Star-connected) resistor network containing three resistors makes it
impossible to apply series-parallel reduction. Equivalently, the three outer resistors
which are connected in I form (also called Delta-connected, Mesh-connected etc.)
makes it impossible to apply series-parallel reduction.

It turns out that an Y -connected set of three resistors can be replaced with a A-
connected set of three resistors without any circuit variable outside these three resistors
getting affected. Similarly, a set of three resistors connected in A can be replaced with a
set of resistors connected in Star without affecting the circuit solution in the remaining
portion of the circuit. We develop equations for this transformation in this section.

First we consider Star to Delta Transformation. We want the two resistor
networks shown in Fig. 5.2-1 to be equivalent with respect the external network.

Fig. 5.2-1 Circuits Related to Star-Delta Transformation

The net effect of the external network on the star connected resistor may be
modeled by two current sources driving it as shown. If the second network that is
connected in delta produces same node voltages at node-A and node-B with respect to
node-C when driven by the same two current sources as in the star network, the external
circuit solution will not be affected in any sense. Thisis so since node voltage variables
in a circuit decide al other voltages and currents in a circuit. If the node voltage
variables do not get affected, then, no voltage or current in the circuit gets affected.
Therefore, we can derive the values for resistors in delta network in terms of resistor
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values in star network by imposing the condition that v, and vg with respect to node-C
must be the same in both circuits when driven by same current sources.
Let I, and I, be the current source functions. Then v, and vg in star circuit is
given by
0G4 0 -Gy Ova0 0,0

O (Lg o
0% G G, merFden
HGa —Gp Ga+Gy+Gc.H¥sH HOH
We do not need the node voltage at the node-S. We eliminate it easily since there
isno current source injection at that node.
~GaVa ~GpVp +(Ga + Gy +Gg)vs =0
— Ga (30
IV¥s 7536,1G, Y2 T 5,76,56.
Substituting the expression for vs in the first two node equations, rearranging
terms and expressing the final equations in matrix form, we get,

DGa (Gb +Gc) _GaGb O
06,#6,76) (6,766 VAL, Ll D (52-1)
D _GaGb Gb (Ga +Gc) D B D H 2 D

gea +Gb +Gc) (Ga +Gb+Gc) E

Now we write the node eguation for the delta-connected network.
[Gae +Gap -Ggp DWAEFD]_D
O 0 O
H ~Ga  Gap*+Cne Vs 1]

Both the equations, Egn. 5.2-1 and Egn. 5.2-2 should result in same v, and vg for

network equivalence. This requires that the two noda conductance matrices be equal.
Therefore,

(5.2-2)

—_ GG
Cab =54G,+6,
_GGtG) GG __ GG
Gac - Ga+be+Gc Ga+Gb:Gc - Ga+Gb+Gc (52_3)
G j— Gb (Ga+Gc) — GaGb j— Gch
bc 7 °G,+G,+G, G,+G,+G, G,+G,+G,
Expressing thisin terms of resistances,
m = RaRo*RoR +ReR,
b =
Re
+ +
Rac = RaRb RbRC RcRa (52_4)
Ry
_ RaR +RRc +ReRy
Roc = >
a

Egn. 5.2-4 shows how the resistance values for equivalent delta may be
calculated from resistance values used in star network.

Fig. 5.2-2 shows the star-delta transformation in a way that makes the symmetry
in the equations evident.
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Fig. 5.2-2 Star to Delta Transformation Equations

Expressions for determining Delta
network resistors from Star network
resistors.
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The Delta-Star transformation may similarly be derived using an approach based
on mesh analysis. Assume that a pair of independent voltage sources drives both circuits.
Then the currents drawn from the sources must be the same in both circuits. The delta
network will have three meshes; however the central mesh has no voltage source in it
and hence its mesh current can be eliminated by using the technique we employed in this
section. The details of this derivation are skipped and the final result is given as

Expressions for determining Star RapRac RapRoc RacRoc
network resistors from Delta network = y = , -5 5 .5 (5-2'5)
resistors k Rab + Rbc + Rac i Rab + Rbc + Rac R Rab + Rbc + Rac

Egn. 5.2-5 shows how the resistance values of the equivalent star network may be
obtained from the delta network resistances and Fig. 5.2-3 shows this in a manner that
makes the symmetry in these equations evident.

£
al
’ Ay /2
Aififh = A
Rab Ra-:: Rabﬂbc

ac S Ry + Ry, +R, Rabmbcmmé%c

§ Racﬂbc
C Rab +REJC + Rac:

Fig. 5.2-3 Delta to Star Transformation Equations

Star-Delta (also called Y-A or T-I1 transformation) transformation is widely
employed in analysis of three-phase ac circuits. A case of specia interest is that of equal
resistancesin all limbs of star or delta. The transformation equations for this special case
areshowninFig. 5.2-4 .

A special case of equal resistors in
Delta or Star

Fig. 5.2-4 A Special Case of Star-Delta Transformation and Delta-Star Transformation

Example: 5.2-1

Find the power dissipated in the resistor R in circuit in Fig. 5.2-5.

=y
20}

Ay Ay
162 060
562 150 30
58 ? ?3;;

Fig. 5.2-5 Circuit for Example : 5.2-1
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Solution

The single-source circuits required for applying superposition principle are shown
in (a) and (c) of Fig. 5.2-6.

Circuits (b) and (d) show the circuits (a) and (b) respectively after star-delta
transformation on the inner star-connected resistors of 1Q , 0.6Q and 1.5Q. Taking
positive direction of current flow to befrom left to right in R, the current flowing in Rin

circuit (b) is 5A x S5 =1.25A . Similarly the current flowing in it in

5//5+(2//2+3//3) 2+2
N 313
circuit (d) is —3AX g0 orei) ¥ 243 525 = “045A. .

Therefore the current through R when both sources are acting will be 1.25-0.45 =
0.8A.

Therefore power dissipationin R=0.8% x 2= 1.28 W

5.3 Substitution Theorem

Consider the three-mesh circuit shown in Fig. 5.3-1. Mesh analysis reveals that
the mesh currents are 1A, 2A and 3A as shown in the figure. Two nodes a and @' have
been identified in the circuit and the current crossing the node a from left to right is
marked as 2A. The voltage of a with respect to @' is calculated to be 1 V and is marked
in the figure.

28 —>»

iy KA A — "W\rH

Ri22 R, R, a0 Rs
R4l10 p

@4 11

+

Fig. 5.3-1 A Three-mesh Circuit with Two Nodes - a and a' - Identified

Now we add two current sources between the two nodes, a and &', as shown in
Fig. 5.3-2. The current sources have equal and opposite currents of 2 A magnitude.

2A—_'|..

R 20 R31Q 4@95
- R0 -
OSV f) w ;D (ig) 11V
i +

Fig. 5.3-2 Circuit in Fig. 5.3-1 with two current sources added
We have not changed the KCL equation at node a and node a’. The mesh
introduced in this step is a trivia mesh. Hence the circuit solution everywhere will
remain the same as before. Now introduce a pair of nodesb and b’ that are connected to
aand a' respectively by shorting linksasin Fig. 5.3-3.
Application of KCL at node a and & show that there is no current flow in the two
shorting links.

EA I:l
R1 20 H 0 40 Hﬁ
3 28 |24 R0 _
S 1%
O /) w w/% @)
a g

Fig. 5.3-3 Additional Node pair b and b' Identlfled in Circuit of Fig. 5.3-1
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R,, .20
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)]
Fig. 5.2-6 Single-source Circuits for
Applying Superposition Theorem in
Example : 5.2-1
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Fig. 5.3-4 The Original Circuit separated into two parts without the solution
in either part getting affected

We note that the current flows in the shorting link a-b and a’-b’ are zero.
Therefore, breaking the shorting links should not affect the circuit solution in both parts
of the original circuit. See Fig. 5.3-4.

Thus, as far as the first part is concerned, we have been able to replace or
substitute the second part with a current source, which has a value exactly equal to the
current drawn by the second part of the circuit from first part of the circuit, without any
circuit variable in the first part undergoing any change. Similar statement can be framed
for second part of the circuit too.

Now, let us go back to Fig. 5.3-1 and add two independent voltage sources
instead of current sources as shown in Fig. 5.3-5. We have not affected the KVL in
second mesh in any way and hence circuit solution remains the same as before
everywhere. However, we have reduced the voltage between a and @' to zero.

28 1y 1v
+ - - +
W e e O
2 Rg R 10 da T
Rt

C 5\#/) EV/DW w/% C) 1y

Fig. 5.3-5 Circuit in Fig. 5.3-1 with two equal and opposite voltage sources
introduced in series at node a

If aand @ are at same potential, they can be joined together. If they can be joined
together, the two parts of the circuit are connected at only one point and hence they can
not affect each other in any way. We can very well draw them as separate circuits
without a common touch poi nt as shown in Fig. 5.3-6.

Sy f)é T r i/) @

Fig. 5.3-6 Original Circuit is separated into two parts without the circuit solution
in either part getting affected

Thus, as far as the first part is concerned, we have been able to replace or
substitute the second part with a voltage source, which has a value exactly equal to the
voltage that was impressed on the second part of the circuit by the first part of the
circuit, without any circuit variable in the first part undergoing any change. Similar
statement can be framed for second part of the circuit too.

We go one step further and end up in trouble! We extract the first part from Fig.
5.3-4 and apply the same reasoning we employed to arrive at the two partsin that figure
to arrive at the circuit shown in (b) of Fig. 5.3-7.
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Fig. 5.3-7 The result of stretching an idea too much!

That circuit in Fig. 5.3-7(b) has no unique solution since the voltage across the
current sources can now be any value without violating any circuit laws.

Thus, there must be some constraints to be satisfied by a circuit if substitution of
apart of the circuit by a current source of value equal to the current drawn by it (or by a
voltage source of value equal to voltage appearing across it) is not to affect the circuit
solution in the remaining part. There are. The constraint is that the original circuit must
have a unique solution and the circuit after substitution also must have a unique
solution. Linear circuits usually have unique solution —i.e., the currents and voltages
everywhere are uniquely decided by values of independent sources and the circuit
structure — except in some trivial and avoidable situations like ideal independent voltage
sourcesin parallel or ideal independent current sourcesin series etc.

However, note that we used only KCL and KVL based arguments to arrive at the
validity of substitution. We did not make use of element relations at all. Hence, the
arguments are valid for any circuit — linear or non-linear. Substitution Theorem is more
general than Superposition Theorem. The constraint of unique solution assumes
particular significance in the case of non-linear circuits since there are non-linear that
have multi-valued v-i relationships. A tunnel diode, an uni-junction transistor etc. are
some exampl es.

There is another constraint to be satisfied before substitution can be done in a
circuit. Consider the situation where the controlling variable of a dependent sourceisin
the part that was subjected to substitution with the dependent source output connected in
the other part. Obviously that will not work. Therefore, if there are dependent sourcesin
the part of the circuit that is being substituted by an independent current source or
voltage source, both the controlling variable and the dependent source must be within
that part of the circuit. Similarly, if there is magnetic coupling in the part of the circuit
being substituted, all coils belonging to the magnetically coupled system must be within
that part of the circuit. This constraint may alternatively be stated as — there should not
be any interaction between the part of the circuit that is being substituted and the
remaining circuit except through the pair of terminals at which they are interconnected.

Subject to the constraints on unique solution and interaction only through the
connecting terminals, we state the Substitution Theorem as below.

Let a circuit with unique solution be represented as interconnection of two
networks N; and N, and let the interaction between N; and N, be only through the two
terminals at which they are connected. N; and N, may be linear or non-linear. Let v(t)
be the voltage that appears at the terminals between N; and N, and let i(t) be the current
flowing into N, from N;. Then, the network N, may be replaced by an independent
current source of value i(t) connected across the output of N; or an independent voltage
source of value v(t) connected across the output of N; without affecting any voltage or
current variable within N; provided the resulting network has unique solution.

. Ny | i
A wit) g — oR
.

Fig. 5.3-8 The Substitution Theorem

A constraint to be satisfied by a
circuit so that Substitution Theorem
can be applied to it.

Another constraint to be satisfied by
a circuit so that Substitution Theorem
can be applied to it.

But, what is the use of a theorem
that wants us to solve a circuit first
and then replace part of the circuit by
a source that has a value depending
on the solution of the circuit?
Obviously, such a theorem will not
help us directly in solving circuits.

The significance of this theorem
lies in the fact that it can be used to
construct theoretical arguments that
lead to other powerful circuit
theorems that indeed help us to solve
circuit analysis problems in an
elegant and efficient manner.

Moreover, it does find application
in circuit analysis in a slightly
disguised form. We take up that
disguised form of  Substitution
Theorem in Section 5.4.
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Fig. 5.4-1 Circuit to lllustrate
Compensation Theorem

(k)

Fig. 5.4-3 (a) Circuit for obtaining
changes in variables (b) After replacing
voltage source by resistor

5.4 Compensation Theorem 15

5.4 Compensation Theorem

The circuit (a) in Fig. 5.4-1 has aresistor marked as R. It has a nominal value of
2Q. Mesh analysis was carried out to find the current in this resistor and the current was
found to be 1 A as marked in circuit (a) of Fig. 5.4-1.

Now assume that the resistor value changes by AR to R+AR. Correspondingly all
circuit variables change by small quantities as shown in circuit (b) in the same figure.
The current through that resistor will aso change to i+4i. We can conduct a mesh
analysis once more and get the new solution. However, we can do better than that. We
can work out changes in variables everywhere by solving a single-source circuit and
then construct the circuit solution by adding change to the initial solution value.

We apply Substitution Theorem on the first circuit with R as the element that is
being substituted and on the second circuit with R+AR as the part that is being
substituted by an independent voltage source. The voltage source in the first circuit must
be Ri volts and the voltage source in the second circuit must be (R+ AR)(i+Ai) volts.

(R+AR)(i +Ai) = Ri +(R+AR)AI +iAR. See Fig. 5.4-2.

5548

= (D

Fig. 5.4-2 Circuits after Applying Substitution Theorem

Now we solve the second circuit by applying superposition principle by taking
the 5V and Ri volts sources along with the two current sources together first and
deactivating the remaining two voltage sources. The solution we get will be the same as
the solution of the original circuit since the second circuit with the iAR volts source and
the (R+AR)Ai volts source deactivated is the same as the first circuit. We already know
the solution. It isthe initial solution.

We have to solve the circuit with the two sources — the iAR volts source and the
(R+AR)Ai volts source to get the second component of complete solution for second
circuit. This circuit is shown in (a) of Fig. 5.4-3. The solution of this circuit must give
the changes in al circuit variables due the change in R since the initial values of
variables are given by the solution contributed by the other sources. Therefore the
current through central branch in the circuit (a) in Fig. 5.4-3 must be Ai.

We note that the voltage of the voltage source (R+AR)Ai in circuit (a) in Fig. 5.4-
3 is exactly the same as the voltage drop that will be produced by a resistor of value
(R+AR) since the current in that branch is Ai. That is, the voltage source of value
(R+AR)Ai can be thought of as the result of a substitution operation on aresistor of value
(R+4R) in that path. We reverse this substitution and replace the voltage source by the
resistor in (b) of Fig. 5.4-3. Solving circuit (b) will give us the change in al circuit
variables due to achangein R. Adding theinitial valuesto change values will give usthe
final solution. The circuit (b) in Fig. 5.4-3 is a single-source circuit with only one
voltage source of value = (change in component value)x(initial current through that
component).

Let us assume that AR = 0.1Q. Then the source value is 0.1Qx1A = 0.1 volts.
Therefore,

Ai = 0.1 =-0.0244A and (i+Ai) = (1-0.0244)A = 0.9756 A.

T 21+ (2+2) l1(2+2)
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Reader may note that we used Superposition Theorem along with Substitution
Theorem to arrive at this result. Hence Compensation Theorem is a speciaised form of
Subsgtitution Theorem for a Linear Circuit.

Compensation Theorem

In a linear memoryless circuit, the change in circuit variables due to change in
one resistor value from R to R+AR in the circuit can be obtained by solving a single-
source circuit analysis problem with an independent voltage source of value i4AR in
series with R+ AR where i is the current flowing through the resistor before its value
changed. See Fig. 5.4-4.

Aj

| —=ibli =
Linear memoryless Linear memaryless
circuit weith many circuit with F+AR
independert and all independent sources +
dependent sources deactivated s PAR volts
f—= R+AR
(=) )]

Fig. 5.4-4 The Compensation Theorem
The theorem can be extended to include dependent source coefficients too.
Changes in circuit variables due to simultaneous changes in many circuit parameters can
be obtained by repeated application of Compensation Theorem or as a solution of a
multi-source change circuit in which each parameter change is taken into account by a
voltage source of suitable value.

5.5 Thevenin's Theorem and Norton's Theorem

The problem of solving a circuit with different load networks connected to same
delivery network arises in Electrical and Electronics Engineering quite often. We do not
want to write the same node equations or mesh equations of the delivery network
whenever the load network undergoes some change and solve the circuit in its entirety
again and again. Thevenin's Theorem and Norton's Theorem help us to avoid this kind
of wasted effort and become efficient in solving circuits. They help us to conduct node
analysis or mesh analysis of the delivery network once and for all and replace it with a
simple equivalent circuit for further analysis when different load networks are connected
toit. They are two toolsindispensable to a circuit analyst.

Consider a memoryless network shown in Fig. 5.5-1 containing linear resistors,
linear dependent sources and independent sources with a pair of terminals identified as
the output terminals of the network. The network interacts with the external world only
through this pair of terminals. No parameter inside the circuit changes, but different load
networks may get connected to the circuit at its output terminals. Assume that an
independent voltage source of source function v(t) is connected across the output
terminals of the network. With no loss of generality, we assume further that the voltage
source negative terminal, i.e., &', is taken as the reference node for writing the node
equations of the circuit. We are interested in the behaviour the current i(t) delivered by
the circuit to the terminating voltage source versus the source function v(t).

We remember that any circuit variable in a linear circuit can be expressed as a
linear combination of al the independent source functions in the circuit. Hence i(t) in
this circuit can be expressed as
(1) =[(aver (1) + Vs (1) +++-+ @n Vin (1)) + (brigy (1) +lgip (1) +++ + by i ()] +8oW(E)

This current has two components — one contributed by all independent current
sources and voltage sources within the circuit and the second contributed by the
independent voltage source connected from outside, i.e., v(t). The functions vg(t) ....
represent the source functions of independent voltage sources within the circuit and the
functionsig(t)....... represent the source functions of independent current sources within
the circuit. n, and n; are the number of independent voltage sources and current sources
within the circuit. The contribution coefficients a,, aj, a ....and by, by, .... etc. are

Compensation Theorem stated here
is a specialised form of Substitution
Theorem for Linear Circuits

Linear memaoryless
circuit wwith many
independent and
dependent sources

Fig. 5.5-1 A Memoryless Network
Terminated in a Voltage Source
at its Output Terminals

We are applying Superposition
Theorem here.
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Fig. 5.5-2 A Circuit that follows
Eqgn. 5.5-2

Interpretation for is(t) in Fig. 5.5-2

Interpretation for R, in Fig. 5.5-2

Statement of Norton’s Theorem
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determined by the circuit parameters. They may be found by node analysis or mesh
analysis.

The source functions and contribution coefficients are fixed once and for all by
the circuit and the only aspect of the circuit that can change is the network that gets
connected at the output terminals. Hence, we may represent the terms within the square
brackets in the expression for i(t) as a fixed function of time that does not depend on
what is connected at the output and term it asig(t).

Oi(t) =ig(t) +agv(t)
n, N
where ig.(t) =) avg )+ ) big(t)
sC ; S ; S

This equation can be interpreted in an interesting manner if a, can be written as
—G,. The number a, can be obtained by finding out the current delivered to the voltage
source when all the independent sources are set to zero. If the circuit contains only
resistors, then, the current will actually be delivered to the circuit and hence a, will be a
negative number, making G, a positive number. The possibility of a, assuming a positive
value does exist if there are dependent sources within the circuit. Therefore G, is
positive for a purely resistive network whereas it could be negative for a circuit
containing dependent sources.

(5.5-1)

Oi(t)=ig(t) —Gov(t) (5.5-2)

This equation suggests that the current i(t) is as if it is coming from an
independent current source of source function ig(t) that isin parallel with a resistance of
R, = UG,. See Fig. 5.5-2.

How do we get the source function ig(t)? i(t) = ix(t) when v(t) = 0. Therefore, we
can find ig(t) by finding out the current that flows out into a short-circuit that is put
across its output. This is the reason why we used ‘sc’ as the subscript for this current
source function.

And, how do we find out the value of R,? If we can reduce i«(t) to zero and apply
anon-zero v(t), the ratio of current drawn from v(t) to the voltage v(t) will be R,. We can
reduce i«(t) to zero by deactivating all the independent sources within the circuit. Thus,
we see that, R, is hothing but the equivalent resistance of the deactivated network from
terminals a-a’.

We conclude that a linear memoryless circuit containing resistors, dependent
sources and independent sources may be replaced by a current source ig(t) in parallel
with a resistance R, when it is terminated in an independent voltage source where ig(t)
is the current that will flow out into the short-circuit put across the terminals and R, is
the equivalent resistance of the deactivated circuit (‘dead’ circuit ) seen from the
terminals.

The circuit was terminated in an independent voltage source v(t) till now. We do
a mental flip now. We now choose to view that voltage source as the result of a
Substitution Operation. That is, this voltage source came up there because we substituted
apart of the original network by an independent voltage source by invoking Substitution
Theorem. We note that Substitution Theorem does not require the part of the circuit that
is being substituted to be linear. Now we bring that part of the circuit back and dispense
with the independent voltage source v(t). We will keep in mind that the circuit must meet
al those constraints that Substitution Theorem calls for. Now we are ready to state
Norton’'s Theorem.

Norton’s Theorem

Let a network with unique solution be represented as interconnection of two
networks N; and N, and let the interaction between N; and N, be only through the two
terminals at which they are connected. N; islinear and N, may be linear or non-linear.
Then, the network N; may be replaced by an independent current source of value i«(t) in
parallel with a resistance R, without affecting any voltage or current variable within N,
provided the resulting network has unique solution.
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i«(t) isthe current that will flow out into the short-circuit put across the terminals
and R, is the equivalent resistance of the deactivated circuit (‘dead’ circuit ) seen from
the terminals.

Thisequivalent circuit for N; is called its Norton’s Equivalent. See Fig. 5.5-3.
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Linear memoryless ¥ Linear ar Linear of
circuit with many a ( Mon-linesar Mon-linear
independert and 1 vt . Circuit Circuit
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Fig. 5.5-3 Norton's Theorem and Norton's Equivalent

A similar argument after terminating the network N; in an independent current
source of source function i(t) will lead us to the conclusion that it may be replaced by an
independent voltage source V,(t) in series with a resistance R, without affecting the
circuit solution in N,. V(1) in this case will be the voltage generated across a-a’' by all
the independent sources within the network N; when the output terminals are kept open.
Therefore, it is called the open-circuit voltage. R, will again be the equivalent resistance
of the deactivated network seen from a-a’. The resulting equivalent circuit for N; is
called its Thevenin's Equivalent.

Thevenin's Equivalent may aso be derived from Norton's Equivalent by
applying Source Transformation Theorem.

Thevenin’s Theorem

Let a network with unique solution be represented as interconnection of two
networks N; and N, and let the interaction between N; and N, be only through the two
terminals at which they are connected. N; islinear and N, may be linear or non-linear.
Then, the network N; may be replaced by an independent voltage source of value v(t)
in series with a resistance R, without affecting any voltage or current variable within N,
provided the resulting network has unique solution.

Voo(t) is the voltage that will appear across the terminals when they are kept open
and R, is the equivalent resistance of the deactivated circuit (‘dead’ circuit ) seen from
the terminals.

This equivalent circuit for Ny is called its Thevenin's Equivalent. See Fig. 5.5-4.
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independert and 1 | witd . Circuit Circuit
dependent sources ;2_ Mo Mg

Fig. 5.5-4 Thevenin's Theorem and Thevenin's Equivalent
Compensation Theorem is a special form of Substitution Theorem for Linear
Circuits. Norton’s Theorem and Thevenin’s Theorem are two other kinds of marriage
between Substitution Theorem and Superposition Theorem. The network N; has to be
linear since we used the idea of linear combination ( i.e., Superposition Theorem) in
replacing it by equivalents. N, can be non-linear since it is subjected to only Substitution
Theorem and not to Superposition Theorem.

Example : 5.5-1

Find the Thevenin's equivalent and Norton’s equivalent of the circuit in Fig. 5.5-5 with
|respect to the terminals a and b.

Solution
Step-1: Find the open-circuit voltage across a-b
This step may require nodal analysis or mesh analysis in general. But in
simple resistive circuits like this one may use superposition principle and solve for

the required voltage. The two single-source circuits needed for this are shown in Fig.
5.5-6.

| Statement of Thevenin's Theorem

A
10 50
@ e o
B +
b
™ v

Fig. 5.5-5 Circuit for Example : 5.5-1
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The contribution to v, from the 6A current source =

Ay 5 A
0o 50 (1O+5)><5+(10+5+10) x6=15volts
CD gssi ¢ qog The contribution to v, from the 10V voltage source = = % x10 = 5volts
G4 o b Therefore, v = 15+5 = 20 volts.
Step-2: Find Thevenin’s Equivalent Resistance R,
The deactivated circuit is shown in Fig. 5.5-7 .

(a) The equivalent resistance seen from a-b = (10+5)//(10+5) = 7.5Q
Therefore the Thevenin's equivalent and Norton's (determined by applying
source transformation on Thevenin's equivalent) are as shown in Fig. 5.5-8.

Ay
104 50
Rl . . . .
§5cz Thevenin's equivalent and Norton's equivalent are equivalent only as far as the
o b iy circuit variables in the network that is connected across them. They are not equivalents
1o as far as the circuit variables in the network they replace are concerned. We agree not to
h seek any information on the circuit variables inside the network that was replaced by
(k) equivalent whenever we use such equivalents. For instance, the power dissipated in R, is

Fig. 5.5-6 Single-source Circuits for not.the power actually dissipated in the network that is replaced by Thevenin's
finding out contributions to open-circuit ~ equivalent. S . _
voltage across a-b Determining R, for resistive circuits is easy. Series-parallel equivalents and star-
delta transformation will help us at that. But these are not useful in the case of circuits
containing dependent sources since the deactivated source will ill contain them.
Specia procedures are needed in the case of such circuits.

5.6 Determination of Equivalents for Circuits with Dependent

Sources
Method-1
Fig. 5.5-7 The deactivated circuit for o ] ) o o
determining R, (i) Find vy by nodal analysis or mesh analysis or superposition principle.

(i) Find ig, by nodal analysis or mesh analysis or superposition principle.

. (ifi) Obtain R, by R, =~
. . i
- Method-2
_ b (i) Find vy by nodal analysis or mesh analysis or superposition principle.
(&) ) y ) . .
Fig. 5:5.8 (2) Thevenin's Equivalent and (ii) Assume that a current source of 1 A is applied to the output terminals such that the
(b) Norton’s Equivalent current flows into the network at the first terminal. Carry out a node or mesh analysis

in Example : 5.5-1
and find out the voltage appearing at first terminal with respect to second terminal. The

numerical value of this voltage gives the value of R,.

(iii) Determine g by iy, =~

Method-3

(i) Findig by nodal analysis or mesh analysis or superposition principle.

(ii) Assume that a voltage source of 1 V is applied to the output terminals with positive
polarity at the first terminal. Carry out a node or mesh analysis and find out the current
flowing into that terminal. The value of this current gives the value of G, = /R,

(iii) Determine Vo by Ve =Ryige
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Example : 5.6-1

Find the Thevenin’s equivalent of the circuit in Fig. 5.6-1 with respect to the terminals a and S0
b and thereby find the ratio of v(t) to vs(t) when a resistor of 2kQ is connected across the output. My
The circuit is the low-frequency signal model for a RC-coupled Common Emitter Amplifier using a
bipolar junction transistor. ke

T MkRE
Solution Cj"sm s Mg

The first method is used in this example. Let b be the reference node and let the 0.0005%,
node voltage at top end of 5kQ be v; as marked in the figure. Then, -
i, =1x107(v —0.0005v,) and v, = —2x10°i, = —200(v; —0.0005v,) = —200v; +0.1v, -
00.9v, =-200v; O v, =-2222v; Fig. 5.6-1 Circuit for Example : 5.6-
00 0.0005vy =—0.11v4

Now writing KCL at the node where v, is assigned,
0.2x10 3y + (1~ (-0.11)) x1x10 v, +0.02(v; — v4(t)) =0
i.e,0.02131v; = 0.02v4(t)
O v; =0.9385v4(t)
Since vy = -222.2 vy, Vi, = -208.5 vg(t) 22k
Therefore vy = - 208.5 vg(t) - 4
When the terminals a-a’ are shorted, v, = 0 and therefore the independent voltage 208 5.t
source at the input side is zero-valued. The value of v; under this condition is given by, i TE

— _ 5k//1k _
vy = Sk (1) =0.9434v4 (1) @ b

Now the current iy is 0.9434x10° vg(t) and hence the current in the dependent
source at the output side is 0.09434v4t). All this current flows out of a' to a through the g
short-circuit. Hence ig(t) = - 0.09434v(t).

+ Qo

-

100

o
o
il

009434 v 2.2k
208.5v (t . g
R, =Yoo = 2BNVsW)__5 oy
i 0.09434v(t) b

The two equivalent circuits are shown in Fig. 5.6-2. (k)

If aload resistance of 2kQ is connected at the output, the output voltage will be | Fig. 5.6-2 (a) Thevenin's Equivalent
_ X2 —=_ Circuit for the Amplifier in Example:5.6-1

208505 (1) 57571 = 99055 (D) yennce the ratio between output and input (i.e., the  (b) Norton's Equivalent Circuit
gain of the amplifier) is—99.05.
Example : 5.6-2
— Iy

The equivalent circuit of dc current source realised using a transistor and few resistors is
shown in Fig. 5.6-3. The design is expected to deliver —-2mA at a. Find the Norton’s equivalent circuit
for this current source design.

Solution

We find the short-circuit current at output first. The circuit for this is shown in
Fig. 5.6-4.

N
=y |_
. 2130 oo,

Ui

0.0005 ¥,
.

Fig. 5.6-3 Circuit for Example : 5.6-2

il

iSC
Fig. 5.6-4 Circuit for determining short-circuit current in Example : 5.6-2
We solve this circuit by mesh analysis. The current into 1k//100k (= 0.99K) is
101i, .We will assume that the unit of iyisin mA. Therefore the KVL in thefirst meshis
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1000 ¥,
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Fig. 5.6-6 Circuit for Example : 5.6-3
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-2.15+6x%i, +0.0005% —(0.99%101i,) +0.99x101i, =0
i.e,105.94i, =2.150 iy =0.0203mA

Therefore, ig; =—100i, =—2.03mA

Tofind R,
We assume that we are injecting 1 mA into the network from terminal a after

deactivating the circuit. We determine the voltage v, This voltage directly gives R, in
kQ units. Refer to circuit (@) in Fig. 5.6-5.

Tha VG

Ski
CT Tm& 203 ma 51300

]

0.0005 ¥,

(&l ()
Fig. 5.6-5 (a) Circuit for Determining Thevenin's Equivalent Resistance in Example : 5.6-2
(b) The Norton’s Equivalent Circuit required

Let iy bein mA. The current in 100k resistor is 1-100iy (by applying KCL at node
a) and therefore v, = 100-10%, volts. The current into 1k resistor at node e is (1+ i) mA
and hence voltage of node e with respect to node b is (1+ iy ) volt. Now applying KVL in
the first mesh,
5i, +i, +0.0005% (100-10%,) + (1+i,)=0, Oi, =—0.5025mA
O vy =100 -10% x = 5125 volts and O vy, =vy +Vg = 5125+ (1-0.5025) = 5125.5volts
0 R, =5125.5kU

If we really apply 1 mA into the output of the transistor circuit, either the current
source we are applying will fail to function as a current source or the transistor will fail
on over-voltage! But then, thisis only a ‘thought experiment’ aimed at evaluating R,.
The Norton's equivalent circuit for this current source design is shown in Fig.5.6-5(b).

Example : 5.6-3
Find the Thevenin's equivalent of the circuit in Fig. 5.6-6 with respect to a and b.

Solution

We find the open-circuit voltage across a-b first. Assume two mesh currents iy
(mA) and i, (mA) in the clockwise direction in the first and second mesh respectively.
The two mesh equations are

100i; + (i1 —ip) = vg(t)

(|2 _Il) +9|2 +0 5|2 +1OOOX100|1 =0

Solving these two equations we get , i; = 9\(/552(:1)7 and i, =-0.9895 v(t) .
0 Vge =0.5i5 +1000%100i; =9.9v,(t)
Tofind R,
We assume that 1 V is applied across a-b after deactivating the circuit and find
out the current drawn by the circuit from this 1 V source. The value of current gives G,.
Thecircuit required to solve for R, is shown as cwcun (@) inFig. 5.6-7.
9 kg g

100 kg2 05 K
1000 ¥,

by P
Fig. 5.6-7 (a) Circuit for Determlnlng R, in Example : 5.6-3 (b) The Thevenin's Equivalent



22 Chapter 5: Circuit Theorems

The current drawn from 1 V has two components — one flowing into the 9kQ
resistor and the second flowing into 0.5kQ path. The first component is 1/(9+1//100) =
1/9.99 = 0.1 mA. The value of v, is given by applying voltage division principle as -1x
(100//1)/(9+100//1) = - 0.099 volts. Therefore the voltage across 0.5kQ resistor is 1-(-
0.099%x1000) = 100 volts. Therefore the current flowing into 0.5kQ path is 100/0.5 = 200
mA. Then, the total current drawn from 1 V source is 200.1 mA and the value of G, is
0.2 S. Thereforethe value of R,is5 Q

The Thevenin's equivaent for the circuit is shown in (b) of Fig. 5.6-7.

5.7 Reciprocity Theorem

The nodal conductance matrix and mesh resistance matrix of a memoryless
circuit without any dependent sources in it (i.e., a pure resistive circuit ) are symmetric
matrices. Reciprocity Theorem for resistive circuitsis arestatement of this fact.

Consider a pure resistive circuit with only one independent current source driving
it as shown in circuit () of Fig. 5.7-1.

A current source of value | is connected across a node-pair i and j. Two other
nodes — k and m — form a node-pair across which the voltage can be measured. There is
no other independent source or dependent source inside the circuit in the box.

The nodal analysis formulation of this circuit will result in a matrix equation YV
= | where Y is a symmetric nodal conductance matrix, V is a column vector of node
voltages and | is the column vector containing the net current injection at nodes. In this
case | will contain | in thei™ row and -1 in the | row. All other entries will be zero. Let
A=Y Then, A will be asymmetric matrix since Y isasymmetric matrix. We can write
the node voltage vector in terms of A asV = Al. But | contains non-zero entries only in
thei™ row and in the j"" row. Therefore the node voltages vi and vy, can be written as

Vg = akil —akjl

Vi = il —an!

where a, is the element in A in K" row and i column. The other a values also
have same interpretation. We can now express the voltage between the two nodes as

Vim =Vk ~Vm =[(ay +an) —(a +am)]! .

Therefore the ratio of response measured to excitation applied

= [(a +an) —(ag +am)] (5.7-1)

Now, consider the circuit (b) in Fig. 5.7-1. The location of excitation and
response are interchanged. The current source is applied across the node-pair k and m
and the voltage response is measured between the node-pair i and j.

Now the current injection vector | will have non-zero entries only in kK" row (= 1)
and in m" row (= -1). Therefore we can express the node voltages at node-i and node-j as

Vi = ajl — g

Vj = ajkl —ajml

and the voltage between the two nodes as

Vij =V =Vj =[(aik +ajm) —(@jk +am)l|

Therefore the ratio of response measured to excitation applied
= [(ajk *ajm) —(@jk *am)l (5.7-2)

A is a symmetric matrix. Therefore ay = & , 8y = 8jm , 8k = 8 and ajm = ;.
Therefore, the ratios given by Eqgn. 5.7-1 and Eqgn. 5.7-2 are equal.

Does it matter when the two ratios in Eqn. 5.7-1 and Egn. 5.7-2 were calculated?
For instance, can we calculate the ratio in Eqn. 5.7-1 at t and the other ratio at a different
instant t ? The answer, of course, is yes — provided the entriesin A (i.e., Y™) matrix are
time-invariant quantities. Hence, the circuit has to be a ‘linear time-invariant resistive’
one for Reciprocity Theorem to work.

A linear resistive| g+
circuit with no W
SOUrCes

-, —
| =
3

(&)

+i7| & linear resistive| &
Wi circuit with no I
_J SOLFCES

k)

Fig. 5.7-1 Circuits to lllustrate
Reciprocity Theorem
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Fig. 5.7-3 Circuit lllustrating Third Form

of Reciprocity Theorem
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First form of Reciprocity Theorem.

The ratio of voltage measured across a pair of terminals to the excitation current
applied at another pair of terminals is invariant to an interchange of excitation
terminals and response terminalsin the case of a linear time-invariant resistive circuit
with no independent sourcesinside.

The second form can be obtained by considering a dual situation shown in Fig.
5.7-2.

: : i o .
It is possible to show that the ratio % issame as % It is easy to show thisfor a

planar network using a mesh analysis formulation and exploiting the symmetry
properties of mesh resistance matrix. In that case, we view i, j , k and m as mesh
identifiers. One has to view the voltage source as participating in i and j*" meshes and
the shorting link participating in K" and m™ meshes and use an argument similar to the
Ikm

one we used in the case of first form of Reciprocity Theorem. However == will be

i
equal to % even for a non-planar resistive network and mesh analysis does not help us

with non-planar networks.

; i
It is possible to show that Ikmeill be equal to %using nodal analysis

formulation too. In that case, we view i, j , k and m as node identifiers. We view the
voltage source as connected between i and j nodes and shorting link between k™ and
m™ nodes in circuit (a) of Fig. 5.7-2. Then we impose the constraints that v, — vi =V and
Vi — Vim = 0 with a current injection of isat i™ node, -isat | node, - ixm at k™ node and iy
at m™ node. This will result in two equations in two unknowns iy, and is . We solve for
ikm- The procedure is repeated for circuit (b) and solution for ij; is obtained. Note that is
will not be the same as is . Comparison of expressions for i, and ijj for the same
applied voltage will reveal that they are equal due to symmetry of Y™ matrix.
We skip the details and state the second form of Reciprocity Theorem.
Second form of Reciprocity Theorem.

The ratio of current measured in a short-circuit across a pair of terminals to the
excitation voltage applied at another pair of terminals is invariant to an interchange of
excitation terminals and response terminals in the case of a linear time-invariant
resistive circuit with no independent sourcesinside.

The third and last form of this theorem can be obtained by considering the
circuits shown in Fig. 5.7-3.

We calculate the ratio V\k/—m inthe circuit (a) in Fig. 5.7-3 first.

Node voltage at node-i = v; = & is—&;j is
Node voltage at node-j = v; = - g is+ &; is
Node voltage at node-K = v = &y is— &y is
Node voltage at node-m= Vi, = ani is— anj is
The node voltages at node-i and node-j are constrained to have a difference of V.
O ayis—ayis—(-ais+ ajig=V O ig= v
ajis—ais—(-gjis+* gjlg s o +a; -a -ay
Substituting this expression for isin the equations for v, and v, we get the ratio of
voltage measured across the second pair of terminals to the voltage applied at the first
pair of terminals as

(3 —ami) + (@m —ay)
gjj T aj; —&;j —aj

Vkm
V

(5.7-3)
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i
Now we calculate % in the circuit (b) in Fig. 5.7-3.

Vi = & ljj — & Iij + & | — am |

Vi = - gy i+ gy + gyl —gym |

Butv, =y,

[70= (& ij—ayijj + &l —aml ) = (- & iy + & ijj + & | —am|)

Solving this we get the ratio of current measured in short-circuit across the
first pair of terminals to the current source applied at across the second pair of
terminals as

(ak —am) + (ajm _ajk)
ai *aj —g; ~aji

Comparing the two expressions in Egn. 5.7-3 and Egn. 5.7-4 and using the

symmetry of A (i.e., the inverse of nodal conductance matrix ) we see that the two

ratios are equal .
Third form of Reciprocity Theorem.

+ (5.7-4)

The ratio of current measured in a short-circuit across first pair of terminals to
the excitation current applied at the second pair of terminals is same as the ratio of
voltage measured across the second pair of terminals to the voltage applied at the first
pair of terminals in the case of a linear time-invariant resistive circuit with no
independent sourcesinside. (Refer Fig. 5.7-3 for polarity of currents and voltages)

Reciprocity Theorem is not used in routine circuit analysis as frequently as
Superposition Theorem and Thevenin's and Norton’s Theorems are. However, it comes
in handy in the analysis of two-port networks. It helps to ease measurement issues in
circuits sometimes. It is valid for circuits containing linear inductor, capacitors and
mutual inductors also. We will prove that when we take up dynamic circuits for detailed
study in later chapters.

Note that the key to Reciprocity Theorem is that (i) the nodal conductance matrix
Y (and mesh resistance matrix Z) of the circuit must be time-invariant and symmetric and
(i) excitation should be applied only at terminals identified, i.e., there should not be
independent sources present within the circuit. Y and Z matrices of a circuit containing
linear two-terminal time-invariant resistors will be symmetric. Hence such circuits will
obey all the three forms of Reciprocity Theorem unconditionally.

Dependent sources, even if they are linear, bilateral and time-invariant, can make
these matrices asymmetric. But they need not do so always. There can be dependent
sources in the circuit and yet the circuit may have symmetric Y and Z matrices.
Reciprocity Theorem will hold for such circuitstoo. See the following example.

Example : 5.7-1

Show that Reciprocity Theorem is valid for the circuit in Fig. 5.7-4.

Fig. 5.7-4 Circuit for Example : 5.7-1

Solution

We find the mesh resistance matrix of the circuit first and verify whether it is
symmetric and time-invariant. We know that the mesh resistance matrix of a circuit can
be found from its deactivated version. Since excitation can be applied only across a-b
and c-d we short these two ports (since for mesh analysis voltage source is the excitation
source) and get the circuit in Fig. 5.7-5. The mesh currents are identified in it.

Statement of third form of Reciprocity
Theorem.
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Fig. 5.7-5 Circuit to Obtain Z Matrix in Example : 5.7-1
The mesh equations are written for the two meshes after observing that i, = i; and
Vy = 3|2 .
20y -3i,+3(i1-i)=0and 3 (i, -i;)—-3i; +3 i, = 0 are the mesh equations.
Therefore the mesh resistance matrix Z is,

o5 -60 - L . . . .
Z=q 5 GD and it is a symmetric time-invariant matrix. Therefore Reciprocity
[ 0

theorem will be valid in the circuit.

We verify the first form by using the circuit configurations shown in Eqn. 5.7-4.
A 1 A independent current source is used to drive the a-b terminal pair first and the
voltage v is noted. Then the same current source is used to drive the c-d terminal pair
and the voltage v, is noted. We expect to see that Vg, = Vig.

" Fi, ¥, " Fi, ¥,

20

20

(k)

Fig. 5.7-6 Circuits for Verifying Reciprocity Theorem in Example : 5.7-1
The second mesh current in circuit (a) is zero. First mesh currentis 1 A. Applying
KVL inthe second mesh, -3x1 - 3x1 + 3x0+ vy =0 O v =6 volts.
The first mesh current in circuit (b) is zero. Second mesh current is -1 A.
Applying KVL inthe first mesh, - vy, + 2xX0 —(3%-1) + 3x1 =0 O vy, =6 volts.
Thus we see that first form of the theorem holds in this circuit. It may be verified
inasimilar manner that the other two forms are also valid in this circuit.

Linear Memoryless [+ | Load
Circuit with Sources | ¥ Circuit

Load Circuit

L)

Fig. 5.8-1 (a) The Power Delivery
Context (b) Power Delivery Circuit
Replaced by its Thevenin's Equivalent

5.8 Maximum Power Transfer Theorem

All electrical and electronic circuits fall under one of the three broad categories —
power generation and delivery circuits, power conditioning circuits and signal generation
and conditioning circuits.

In a power delivery context, one part of the circuit acts as a power source and
delivers power to the other part of the circuit. In the process of delivering power to load
part of the circuit, the source part of the circuit ends up dissipating some of the power
within itself. This compromises the efficiency of power delivery as well as the power
availability to the load at the same time. Hence the power delivery capability of source
part of the circuit for a given load circuit is of crucial practical significance — both in
high-power electrical circuits (kW to 100's of MW) and low-power electronic circuits
(PW to 100's of W). We address the issue of power delivery capability of a source
circuit in this section.

Fig. 5.8-1 shows a linear time-invariant memoryless circuit containing one or
more independent dc sources delivering power to aload circuit which may be linear or
non-linear. It is assumed that the constraints required for applying Thevenin's theorem
are satisfied by the entire circuit — that is, the circuitsin (a) and (b) have unique solution
and there is no interaction between the delivery circuit and load circuit other than
through the common terminals. Then, we can replace the power delivery circuit by its
Thevenin's equivalent comprising an open-circuit voltage in series with the Thevenin's
equivalent resistance.



